In this paper, we apply the methods developed in recent work for constructing A-twisted (2,2) Landau-Ginzburg models to analogous (0,2) models. In particular, we study (0,2) LandauGinzburg models on topologically non-trivial spaces away from large-radius limits, where one expects to find correlation function contributions akin to (2,2) curve corrections. Such heterotic theories admit A-and B-model twists, and exhibit a duality that simultaneously exchanges the twists and dualizes the gauge bundle. We explore how this duality operates in heterotic Landau-Ginzburg models, as well as other properties of these theories, using examples which RG flow to heterotic nonlinear sigma models as checks on our methods.
Introduction
Recently, there has been some significant progress in understanding nonperturbative corrections in heterotic (or (0,2)) nonlinear sigma models, see for example [1, 2, 3, 4, 5, 8, 6, 7, 9, 10] . In particular, (0,2) generalizations of the A and B model topological field theories have been worked out, as well as (0,2) analogues of quantum cohomology computations.
In our recent paper [11] , we discussed the A twist of (2,2) Landau-Ginzburg models, which has only rarely been discussed in the literature before. In this paper, we extend the analysis of [11] to consider (pseudo-)topological A, B twists of (0,2) Landau-Ginzburg models, closely analogous to the A, B (0,2) twists of nonlinear sigma models (NLSMs) discussed in [2, 3, 4, 5, 8, 9, 10] .
The A and B twists of heterotic NLSMs are related by a duality that exchanges the gauge bundle E with its dual E ∨ . In the (0,2) case, the same duality exists, and also exchanges the two sets of contributions to bosonic potentials and Yukawa couplings. We discuss anomaly cancellation, chiral rings, and correlation function computations in (0,2) theories, and check our methods using examples of (0,2) Landau-Ginzburg models that flow in the IR to heterotic NLSMs on nontrivial spaces.
In section 2, we review some facts about (2,2) Landau-Ginzburg models, including both A and B twists. In particular, we give some details of computations carried out in [11] for the A-twisted Landau-Ginzburg model on the total space of O(−5) → P 4 , which is in the same universality class as the ordinary A model on the quintic hypersurface in P 4 .
In section 3 we give an overview of heterotic Landau-Ginzburg models, their A and B twists, and dualities possessed by heterotic theories.
In section 4 we discuss heterotic Landau-Ginzburg models in the same universality class as heterotic NLSMs whose gauge bundles are described as cokernels of injective maps. We discuss general aspects and consistency checks of A and B twists, spectators, and discuss two examples involving gauge bundles that are deformations of the tangent bundle.
In section 5 we discuss heterotic Landau-Ginzburg models in the same universality class as heterotic NLSMs whose gauge bundles are described as kernels of surjective maps.
In section 6 we discuss the more general case of heterotic Landau-Ginzburg models in the same universality class as heterotic NLSMs whose gauge bundles are the cohomologies of short complexes, also known as monads.
In section 7 we discuss the even more general case of heterotic Landau-Ginzburg models in the same universality class as heterotic NLSMs on complete intersections, whose gauge bundles are the cohomologies of monads.
Finally in section A we have an appendix deriving a useful hypercohomology computation, that is often applied to chiral ring computations.
2 Review of (2,2) Landau-Ginzburg models
Here, we reiterate some key results of [11] . We begin by defining a (2,2) Landau-Ginzburg model as a NLSM together with a superpotential -such a model requires that one must specify both a complex Riemannian manifold and a superpotential (a holomorphic function over that manifold).
The most general Landau-Ginzburg model that one can write down has the following action:
where W is the superpotential and
The fermions couple to the bundles
where K Σ denotes the canonical bundle on the worldsheet Σ. The bosonic potential is of the form i |∂ i W | 2 . Even though such models are not even classically scale-invariant, we can use them to define conformal field theories by applying renormalization group flow -the endpoint of which is a (possibly trivial) conformal field theory.
B-twisted models
The B twist of a Landau-Ginzburg model is defined by taking the fermions to be the sections of the bundles
and combining them as
The operators in the chiral ring for this theory consist of BRST-closed (mod BRST-exact) products of the form b(φ)
When the superpotential is not constant, θ is no longer BRST-invariant and such operators may not be interpreted as sheaf cohomology of exterior powers of the tangent bundle. Rather they comprise the hypercohomology of the complex . . .
as discussed in [11] .
A-twisted models
Unlike the B-twisted model, we must make special adjustments to the A-twisted model to take into account the fact that the Yukawa couplings
arising from a non-trivial superpotential become one-forms on the worldsheet with the naïve twisting. One approach to solving this problem involves further twisting a subset of the chiral superfields by a U(1) isometry in such a way that the terms become either functions or two-forms on the worldsheet. In the special case of total spaces of holomorphic vector bundles on complex manifolds with superpotential given by a section of the dual bundle contracted with the fiber coordinates, one twists the the fiber coordinates [11] .
It will be useful for discussions of (0,2) models to mention an example from in [11] , where correlation functions were computed in a theory in the same universality class as the A model on the quintic hypersurface in P 4 . Specifically, this example was a Landau-Ginzburg model over the total space of O(−5) → P 4 , with superpotential W = pG, p a fiber coordinate on O(−5), G a section of O(5) whose vanishing locus is the quintic in question. In this example, the fiber coordinate p was twisted so that the fermions in the theory coupled to bundles as
Topological operators then correspond to d-closed differential forms on P 4 ,
under the further restriction that evaluating the path integral causes factors to be brought down in such a way that the forms are to be interpreted as forms on the zero locus of the section defining the superpotential -in this case, the quintic.
Classical contributions to correlation functions were analyzed. Since the superpotential terms are BRST-exact, the superpotential may be rescaled without affecting correlation functions. For example, the classical contribution to a genus-zero correlation function O 1 · · · O n as studied in section 3.3.1 of [11] is
One may examine such a correlator in the λ → ∞ limit, wherein
and the λ → 0 limit, to wit
Here, dχ stands for an integral over each of the χ i zero modes, as well as those of their complex conjugates, while the χ p zero modes and their conjugates have been integrated out.
The dχ p integral of the exponential in (3) is interpreted as a Mathai-Quillen form of the vertical subbundle in T O(5), pulled back to P 4 by the section G. The two limits are respectively as an integral over the normal bundle to the quintic in P 4 with insertions of factors normal to quintic, and as an integral over P 4 with an insertion of the Euler class of O(5). We shall consider a heterotic model deforming this theory in section 4.5.
3 General aspects of (0,2) Landau-Ginzburg models
Untwisted models
Physically, a (0,2) Landau-Ginzburg model is described by a collection of "(0,2) chiral" superfields Φ i = (φ i , ψ i + ), corresponding to local coordinates on a complex Kähler manifold X, and "(0,2) fermi" superfields Λ α = (λ α − , H α ), which transform as local smooth sections of some holomorphic vector bundle E over X. Heterotic Landau-Ginzburg models are also NLSMs with superpotentials, though here the NLSM possesses only (0,2) supersymmetry, and the superpotential is a Grassmann-odd holomorphic function of the superfields, rather than an ordinary holomorphic function. For a superpotential of the form
where F a ∈ Γ(X, E ∨ ), and in which, in superspace notation, D + Λ a = E a (φ) for E a ∈ Γ(X, E), the action for a heterotic Landau-Ginzburg model has the form
In this expression, h αβ is a Hermitian fiber metric on E, and A is a connection on E determined by the hermitian fiber metric h as
The covariant derivatives Dλ − are given by
More formally, the fermions couple to bundles as follows:
There is a constraint on E a and F a , namely that
More general superpotentials are possible in principle -we could consider Λ a Λ b Λ c F abc (φ), which would be subject to the constraint
We shall not treat such forms, as the expression (6) suffices to describe everything currently in the literature.
An ordinary heterotic NLSM, where each E a and F a vanishes, is only well-defined in the special case that c 2 (E) = c 2 (T X). The same condition is applies here, just as the Btwisted Landau-Ginzburg model is only well-defined over spaces obeying the same consistency condition as the underlying B-twisted NLSM. Thus, we will only consider heterotic Landau-Ginzburg models over spaces X with holomorphic vector bundles E such that c 2 (E) = c 2 (T X).
The supersymmetry transformations in this model have the following form:
One may recover the (2,2) Landau-Ginzburg model defined in (1) as a special case by
Note that the Lagrangian (7) is symmetric under the exchange E ↔ E ∨ (which exchanges λ a − with λ −a = h ab λ b − ), so long as we simultaneously exchange E a (φ) ↔ F a (φ). This duality was discussed in the context of the (0,2) A, B model analogues in [3, 5] .
Topological twists
Next, let us discuss the (pseudo-)topological twists of this theory.
Following [5] , we can define an analogue of the B-twisting for heterotic theories. In the case E a ≡ 0 (though F a can be nonzero), we define the twisting by taking the fermions to couple to the following bundles:
Indeed, as a consistency check, recall that the (0,2) Landau-Ginzburg model reduces to the (2,2) Landau-Ginzburg model when E a ≡ 0 (among other things), and furthermore the Btwist of the (2,2) Landau-Ginzburg model can be defined in the same way as for the NLSM; no R-symmetry is required. When the E a ≡ 0, on the other hand, to perform the topological twist we will have to proceed in a fashion analogous to that we have discussed for A-twisted Landau-Ginzburg models.
In [5] it was observed that the (0,2) B-twisted heterotic NLSM was only well-defined when Λ top E ∼ = K X , in addition to the usual constraint that ch 2 (E) = ch 2 (T X). This new condition arose in order to make the path integral measure well-defined. The same condition arises in the B-twisted heterotic Landau-Ginzburg model discussed here, independent of the superpotential defined by the F a (so long as all E a ≡ 0, so that the naïve B twisting is sensible).
Furthermore, when all the E a ≡ 0, the chiral ring of the (0,2) B twist is straightforward to compute. Just as in the ordinary (2,2) B model, where one can create a BRST-invariant fermion θ i by lowering ψ ı ± indices with the metric, note here that the BRST variation of
When all the F a ≡ 0 in addition to the E a ≡ 0, the λ −a 's are BRST-invariant and we recover the standard result [5, 13] that the part 2 of the chiral ring generalizing the (2,2) case is built from products of λ −a = h ab λ b − , and is described by sheaf cohomology H · (X, Λ · E). When the F a do not all vanish, then just as for B-twisted (2,2) Landau-Ginzburg models in section 2.1, we get immediately that the relevant part of the chiral ring of the (0,2) B-twisted Landau-Ginzburg model should be given by hypercohomology of the complex
Note that this correctly specializes not only to the (0,2) B model ring H · (X, Λ · E) when the F a ≡ 0, but also to the (2,2) B-twisted Landau-Ginzburg model chiral ring. This is because the (2,2) B model in (0,2) language is defined by E = T X and F i = ∂ i W , so that the complex above reduces to (2), whose hypercohomology is the chiral ring of the (2,2) B-twisted Landau-Ginzburg model.
We can also define an analogue of the A-twisting for heterotic theories. In the case F a ≡ 0 (but E a can be nonzero), we twist by taking the fermions to couple to the following bundles:
On the other hand, when the F a ≡ 0, then to make sense of the A twist we have to work harder, using a nontrivial R-symmetry. Note that this is symmetric with the behavior of the (0,2) B model analogue. Indeed, as discussed earlier, there is a symmetry under which E ↔ E ∨ and E a ↔ F a , which for cases without superpotential exchanges the (0,2) A and B analogues [3, 5] . Since such a symmetry exists for the theories without superpotential, one might hope that it would also exist in cases with a superpotential, and that is exactly what we have observed.
In [2, 5] it was shown that the path integral measure in a (0,2) A-twisting of a heterotic NLSM is only well-defined when Λ top E ∨ ∼ = K X , in addition to the usual anomaly-cancellation constraint ch 2 (E) = ch 2 (T X). In the present case, for a theory with nonvanishing E a (but all F a ≡ 0), it is straightforward to see that the same constraint should be imposed.
Furthermore, just as in the (0,2) B twist above, when F a ≡ 0 we can also get a clean result for the part of the chiral ring generalizing that of (2,2) models. Here in this (0,2) A twist, note that the BRST variation δλ a − = iα − E a , and so just as for the (0,2) B twist, the part of the chiral ring of the (0,2) A twist that generalizes that of (2,2) models and of (0,2) A-twisted NLSMs is given by the hypercohomology of the complex
In the case that both E a ≡ 0 and F a ≡ 0, this hypercohomology reduces to H · (X, Λ · E ∨ ), exactly the result discussed in [2, 13] . Also as expected, the chiral ring of the (0,2) Atwisted Landau-Ginzburg model is mapped into the chiral ring for the dual (0,2) B-twisted Landau-Ginzburg model by the duality discussed previously.
Models realizing cokernels of maps 4.1 General analysis of A twist
Our first example will involve a heterotic Landau-Ginzburg model that should flow under the renormalization group to a heterotic NLSM on a space B with a bundle E ′ defined as the cokernel of an injective map:
The corresponding heterotic Landau-Ginzburg model will be defined over the space
with gauge bundle E ≡ π * F 2 , all F a ≡ 0, and E a = pẼ a for p fiber coordinates along F 1 .
In principle this is just a straightforward generalization of examples in [14] , so knowledgeable readers will not find it surprising that these two theories are related by renormalization group flow, but let us take a moment to outline the arguments for completeness. First, the potential
and since theẼ's are assumed injective, this will act as a mass term for the p fields, so that the IR theory should see B instead of X. Similarly, there is a Yukawa coupling term of the form iψ
b h ab , which shows how the ψ p + superpartner to the p field pairs up with the image of F 1 to become massive, so that the remaining massless λ a − fermions see E ′ . This just gives an intuitive justification that the two theories are related by renormalization group flow, but next, as part of a discussion of general features of these models, we will see that anomalies and chiral rings match, which give a more solid check.
Before moving to a more specific example, let us first check some general properties of the models we have just described. For example, if anomaly cancellation holds in the heterotic NLSM on B with gauge bundle E ′ , then it had also better hold in the heterotic LandauGinzburg model. Anomaly cancellation in the NLSM on B is the statement that
Anomaly cancellation in the heterotic Landau-Ginzburg model over X, on the other hand, is the statement that
To relate ch 2 (T X) to the Chern classes of T B and F 1 , we can use the short exact sequence
from which we read off that
and hence the anomaly-cancellation conditions in the NLSM and in the Landau-Ginzburg model are equivalent: anomaly cancellation holds in one model if and only if it also holds in the other.
Since the F a ≡ 0 in these heterotic Landau-Ginzburg models, one should be able to perform the A twist naïvely, without twisting any bosonic fields. When one does so, the consistency condition in the heterotic Landau-Ginzburg model for the twist to be sensible is that
Comparing to the heterotic NLSM,
so we see that the condition for the A twist of the heterotic Landau-Ginzburg model to be consistent is just
which is the pullback of the constraint that the A twist of the corresponding heterotic NLSM be well-defined. So, the conditions for the two A twists to be well-defined are equivalent, just as for the anomaly-cancellation conditions.
Let us also check that the chiral ring of the Landau-Ginzburg theory matches of the NLSM in the same universality class. Recall from section 3.2 that the relevant part of the chiral ring in the (0,2) A twist is the hypercohomology of the complex
It can be shown that the hypercohomology of this sequence, for the E given above and X the total space of the bundle, is the same 3 as
so long as the E a are injective, precisely matching the corresponding part of the chiral ring of the (0,2) A-twisted heterotic NLSM. Similar results are true in models equally amenable to the B twist, as we shall discuss in section 5.
General analysis of B twist
We may also consider a (0,2) B twist of this Landau-Ginzburg theory. Since the E a are nonzero, we cannot perform a naïve B twist, but rather must twist the bosonic p fibers of X viewed as a vector bundle.
First, let us discuss anomaly cancellation. There is a natural C × action on X, namely that which multiplies the fibers of the vector bundle by phases, but leaves the base B invariant. This is the same one used in the twist of the p fields. In order to make sense of anomalies, we need to, loosely speaking, distinguish parts of the gauge bundle that live over the base B from those parts that live over the fibers p. To do that, we shall use the following fact. Given any vector bundle E on X that is equivariant with respect to the C × action on X, its restriction to the zero section of X (viewed as a vector bundle) naturally splits into a direct sum of components indexed by the characters χ of C × :
In the present case, E = π * F 2 , and so the restriction to the zero section is invariant under the
The tangent bundle of X, on the other hand, decomposes nontrivially. The result is that the anomaly cancellation condition for the (0,2) B twist (involving the p field) in this Landau-Ginzburg theory to make sense is that
which precisely matches the condition for the (0,2) B twist of the heterotic NLSM on B to make sense:
, as expected, given that the theories are related by renormalization group flow.
Spectators
Before going on, we should mention one other general point that might concern the reader. In the original analysis of (0,2) GLSMs and Landau-Ginzburg models over vector spaces in [14] , 'spectator' fields were introduced so as to insure that the Fayet-Iliopolous parameter did not flow under the action of the renormalization group. The analogous problem in the present case is that our space X over which the Landau-Ginzburg model is defined is not Calabi-Yau, even if the space B on which the corresponding IR NLSM lives is. That could be fixed by modifying X to be given by
and the gauge bundle E to
We then add a (0,2) superpotential term (an F a ) coupling the extra direction q of X to the extra line bundle factor in E -the simplest form is qΩ with Ω the Fermi superfield corresponding to the π
∨ factor. Then, X is Calabi-Yau, but the extra coordinate on X pairs up with the extra factor in E, which after integrating them both out leaves us with the Landau-Ginzburg model we have discussed so far. Note furthermore that because the Chern character is a ring homomorphism (meaning, ch(E ⊕ F ) = ch(E) + ch(F ), among other things), the anomaly cancellation condition ch 2 (T X) = ch 2 (E) is satisfied in this Landau-Ginzburg theory if and only if it was satisfied in the original one.
Since we added a nonzero F a , the naïve (0,2)-analogue of the A and B twists no longer make sense, though we can perform both if we twist the bosonic fields. For example, we can make sense of the (0,2) A twist if we twist the q field. The consistency condition for the A twist to make sense then is
where
Thus, the consistency condition for the A-twisted theory (with spectators) to make sense is equivalent to the condition
which is the same as the consistency condition for the original A-twisted theory, without spectators. So, adding spectators does not change the condition for the A twist to be welldefined. Similarly, we can perform the (0,2) B twist by twisting the p field, as in the last section. The consistency condition for this twist, in the theory with spectators, is
Note that this is precisely the condition for the B-twisted theory without spectators to be consistent. So, here again, adding spectators does not change the consistency condition for the B twist.
Analogous constructions are possible in the other heterotic examples discussed in this paper. As spectators will not impact anomalies or other computations, we will not discuss them further.
Example: P
To be more specific, we shall consider a theory explored in [1, 2, 8, 9, 10] : a (0,2) theory on P 1 × P 1 with gauge bundle given by a deformation of the tangent bundle. Specifically, we will consider bundles E ′ on P 1 × P 1 defined as cokernels of injective maps
where x 1 , x 2 are homogeneous coordinates on one P 1 and x 1 , x 2 are homogeneous coordinates on the other. In the special case that ǫ 1 = ǫ 2 , the cokernel above becomes the tangent bundle to P 1 × P 1 .
To describe this theory, we will consider a Landau-Ginzburg model on
The E a are defined as follows. Let p 1 , p 2 denote the coordinates along the fibers of O ⊕ O in X, then the E a (φ) are given by
Note that the Landau-Ginzburg theory is defined over a NLSM instead of a GLSM, so before substituting the equations above into physics one must replace homogeneous coordinates by affine coordinates.
This Landau-Ginzburg model should renormalization-group flow to the heterotic NLSM described above. For later use, write
Then, the superpotential terms have the form
where i denotes an index along P 1 × P 1 , and ψ For example, when we plug the first into the Yukawa coupling
we see that it becomes iψ
which acts as a mass term for λ and ψ p1 + . (This is the usual mechanism by which the fermionic gauge symmetry implicit in the E a 's is realized physically, see for example [15] .) Thus, the p fields get a mass, as do some of the λ's, leaving us with the right data to describe a theory that is surely in the same universality class as the heterotic NLSM on P 1 × P 1 with gauge bundle given by the deformation of the tangent bundle above.
Since the F a are all identically zero, we can define the A analogue twist easily, without twisting any bosonic fields. This means that all of the fields are twisted in the form
The superpotential interactions in this theory have the form
If we restrict to degree zero maps on a genus zero worldsheet and also restrict to the contribution from zero modes (as was done in [2, 5] ), then we find that
When we integrate out the χ p 's, this becomes
Integrating out the p's will merely generate some function f of theẼ's:
The expression above will give the same results for classical correlation functions as in [2] . To see this, first note that is that it is computing correlation functions between sheaf cohomology More formally, from the long exact sequence of bundles on
we see that the representatives of
2 are exactly those which are in the kernel of the map to O ⊕ O, so given rep-
2 , the λ aẼa factors are precisely insuring that the O i represent sheaf cohomology valued in E ′∨ .
Let us also check this more concretely. From [2] [equ'n (20)], the classical correlation functions are given by
where X,X are representatives of H · (P 1 × P 1 , E ′∨ ). In expression (9) , given the forms of E a 1 ,Ẽ a 2 , it is trivial to see that ifX has only λ 1 , λ 2 factors, and X has only λ 3 , λ 4 factors, then, X 2 = 0, XX = 0, and X 2 ∝ ǫ 1 − ǫ 2 , as expected.
It is straightforward to check that correlation functions in nonperturbative sectors also match those in [2] . In a sector describing maps of degree
, it is straightforward to show that
is the compactified moduli space of maps defined by the GLSM, as in [16] , and the bundle
or, more pertinently,
In the expression above, we have implicitly extended the induced bundle over the compactification of the moduli space, using the methods of [2] . Following the same analysis as before, we can write
Here, the O i represent sheaf cohomology valued in
and the factors of λ aẼa in the correlation function enforce a reduction to the kernel, giving F ∨ . So, the correlation function computes products of sheaf cohomology on M d valued in F ∨ , exactly as needed to match the results of [2] .
Example: the quintic hypersurface in P 4
Suppose we wish to describe in (0,2) language a (2,2) Landau-Ginzburg model that flows in the IR to a NLSM on a complete intersection in a space B defined by {G = 0} ⊂ B, where G is a smooth section of some vector bundle F → B. To do this, we could use the (0,2) version of (2,2) Landau-Ginzburg models discussed earlier in this paper: consider a (0,2) Landau-Ginzburg model over a space
with gauge bundle E = T X, E a ≡ 0, and F a = ∂ a (pG) where p is a fiber coordinate on F ∨ . Anomaly cancellation is automatic, since E = T X. Judging from examples in [14, 17] of which this is a straightforward generalization 4 , this theory should flow in the IR to a (2,2) NLSM on {G = 0} ⊂ B. The fact that the B-twisted chiral ring of the heterotic LandauGinzburg theory should match that of the NLSM follows from a closely related discussion in section 2 and an analogous section in [11] .
Given a Landau-Ginzburg model of the form above, we could modify it to describe a heterotic NLSM with gauge bundle a deformation of the tangent bundle, as follows. Replace the (F a ) = ∂ a (pG) = (G, pD i G) 4 For completeness, we outline the pertinent standard observations here. The bosonic potential terms are of the form |G| 2 + |p| 2 i |D i G| 2 . So long as G is smooth section, it cannot be the case that G = 0 and D i G = 0 simultaneously, so the only way the potential can vanish is if G = 0 and p = 0, so in the IR the theory should flow to a NLSM on {G = 0} ∩ {p = 0} ⊂ X. Yukawa couplings enforce analogous constraints on the fermionic superpartners.
with (F
but leave everything else the same -for example, leave E = T X. This should flow in the IR to a heterotic NLSM with a gauge bundle different from the tangent bundle.
Let us now turn to a more specific example of a heterotic Landau-Ginzburg model. Let X be the total space of the line bundle O(−5) → P 4 , and consider a theory with (0,2) superpotential
where G(φ) is a section of O (5), p a local coordinate on the fiber of O(−5). The Λ's are in one-to-one correspondence with the chiral superfields, so that they are defined by E = T 1,0 X, and all the E a ≡ 0. This model is very nearly the same as the (2,2) Landau-Ginzburg model that is in the same universality class as the quintic, discussed earlier, except for the fact that we are deforming the tangent bundle via the G i (φ) to a more general bundle. In other words, we expect that this theory should renormalization-group flow to a heterotic NLSM whose gauge bundle is a deformation of the tangent bundle of the quintic in P 4 , defined by the cohomology of the short complex
with Q the quintic, defined by {G = 0}. Now, let us perform the A twist analogue for this model. Since the F a are not all zero, we must twist bosonic fields, as described previously. Mechanically, this means that the fermions related to coordinates on P 4 couple to the bundles
On the other hand, the p field and its various fermionic partners are twisted differently:
Next, let us work out the correlators. In the A analogue twist, the α − are the scalar BRST parameters, so we find that the BRST transformations of the fields are
In the scaling limit λ → 0, where
which matches the λ → 0 scaling limit of the (2,2) correlation function given in (4). In the scaling limit λ → ∞, the correlation function becomes
which gives a different result than the corresponding (2,2) scaling limit (5). In particular, correlation functions in this limit should match those of the corresponding (0,2) NLSM: just as in our previous discussion of P 1 ×P 1 with a deformation of the tangent bundle, the χ i D i G terms enforce a restriction to the quintic hypersurface and the λ ı (D ı G + G ı ) terms enforce a corresponding restriction on the gauge degrees of freedom.
The reason that the two scaling limits are giving different results in this (0,2) theory, unlike the (2,2) theories discussed earlier, is that the superpotential is no longer BRST-exact, and so the twisted theory is not invariant under rescalings of the superpotential.
One of many open problems in (0,2) quantum cohomology [2, 3, 4, 5, 8, 9, 10] is that at present, no (0,2) analogue of a virtual fundamental class computation is known. Given that in the (2,2) theories discussed earlier, very simple examples of virtual fundamental class computations appeared in the scaling limit λ → ∞ of the superpotential, suggests that the λ → ∞ limit of the computation above should be a prototype for a (0,2) virtual fundamental class computation. We shall not pursue this matter further here, but it is certainly worthy of further investigation.
Models realizing kernels of maps
Suppose we have a heterotic NLSM on a space B with gauge bundle given by the kernel E ′ of the short exact sequence
Applying ideas from [14] , this heterotic NLSM should be in the same universality class as a heterotic Landau-Ginzburg model on
with gauge bundle E = π * F 1 , E a ≡ 0, and F a = pF a defined by the mapF a : F 1 → F 2 defining E ′ and p fiber coordinates on F 2 .
The arguments are standard, but for completeness, let us briefly outline why these two theories should be in the same universality class. The bosonic potential term h ab F a F b becomes
aF b , which due to the surjectivity of F acts as a mass term for p. Thus, in the IR, the theory should flow to a theory on B instead of X. The Yukawa couplings include iψ p + λ a −F a , which gives a mass to ψ p + and those fermions λ a − not in the kernel of F , so that the gauge bundle in the IR should be E ′ . As further checks, we shall next argue that anomalies and chiral rings of the two theories match.
Let us now show that anomaly cancellation conditions in the Landau-Ginzburg and NLSMs match. Anomaly cancellation in the NLSM on B is the statement that
From the definition of X, there is a short exact sequence
and hence the anomaly-cancellation conditions in the NLSM and in the Landau-Ginzburg model are equivalent: anomaly cancellation holds in one model if and only if it holds in the other model.
Since the E a ≡ 0 in these heterotic Landau-Ginzburg models, one should be able to perform the B twist naïvely, without twisting any bosonic fields. When one does so, the consistency condition in the heterotic Landau-Ginzburg model for the twist to be sensible is that
so we see that the condition for the B twist of the heterotic Landau-Ginzburg model to be consistent is just
which is the pullback of the constraint that the B twist of the corresponding heterotic NLSM be well-defined. So, the conditions that the two B twists be well-defined are equivalent to one another, just as for the anomaly-cancellation conditions.
Let us next check that chiral rings match. Recall from section 3 that the relevant part of the chiral ring in the (0,2) B-twisted heterotic Landau-Ginzburg model is given by the hypercohomology on X of the sequence
(the F a assumed surjective) which, using arguments closely analogous to those outlined in section 4.4 above, is the same as
exactly right to match the corresponding part of the chiral ring of the (0,2) B-twisted heterotic NLSM which should be in the same universality class.
If we twist the p fields, then we can also perform the (0,2) A twist of this theory. Proceeding as in section 4.2, we work on the zero section of X, where the consistency condition for the (0,2) A twist of this Landau-Ginzburg model is
This is the same as
which is exactly the condition for the (0,2) A twist of the IR NLSM to be well-defined, as expected.
In fact, the general observations here are precisely dual to those in section 4.4, which should not be surprising in light of the dualities we have discussed between heterotic A and B analogue twistings. Formally, starting from the data above, we could obtain a pair of theories (Landau-Ginzburg, NLSM) amenable to an A twist rather than a B twist by replacing the surjective map
with the injective map
(also replacing each occurrence of F 1 by F ∨ 2 and so forth), and taking E a = F * a , and the new F a to be identically zero (matching the fact that the old E a vanished).
Models realizing cohomologies of monads
Suppose we have a heterotic NLSM on a space B with gauge bundle given by the cohomology of the short complex
at the middle term. Judging from related examples and standard analyses in previous sections here and in [14] , this heterotic NLSM should be in the same universality class as a heterotic Landau-Ginzburg model on
with E ≡ π * F 2 , and E a = p ′Ẽa , F a = pF a , where p are fiber coordinates along F This statement about universality classes can be justified in exactly the same form as before. For brevity, let us omit the completely standard analysis of masses, and instead turn to checks that anomalies match. Specifically, let us briefly check that the anomaly cancellation conditions in these two models are equivalent.
In the heterotic Landau-Ginzburg model, anomaly cancellation is the condition that
. Thus, anomaly cancellation in the heterotic Landau-Ginzburg model can be rewritten as
which is just the pullback of the anomaly cancellation condition in the heterotic NLSM. Thus, anomaly cancellation is the same constraint in the two theories: anomaly cancellation in one is equivalent to anomaly cancellation in the other.
For reasons of brevity we do not include here any correlation function computations in these most general heterotic Landau-Ginzburg models.
Models realizing monads over complete intersections
Here, we consider the most general case. Suppose we want a heterotic Landau-Ginzburg model that will flow to a heterotic NLSM on a complete intersection Y ≡ {G µ = 0} ⊂ B defined by G µ ∈ Γ(G), G a holomorphic vector bundle on B, with a gauge bundle E ′ given by the cohomology of the short complex of holomorphic vector bundles
are defined over all of B, but the sequence above only necessarily becomes a complex over Y ⊂ B. Generalizing the (0,2) GLSM description in [14] , the corresponding Landau-Ginzburg model is defined over the space
with gauge bundle E an extension
The F a ∈ Γ(E ∨ ) are partially determined by G ∈ Γ(G) and
where p are fiber coordinates on F ∨ 3 andF a is the map F 2 → F 3 . The E a ∈ Γ(E) are partially determined by p ′Ẽa , where p ′ are fiber coordinates on F 1 andẼ a is the map
In the special case that we wish to describe the cohomology of a monad over B, and not a complete intersection in B, then we take G ≡ 0 and then the data above trivially reduces to that discussed in the previous section.
Let us also see how the examples discussed in section 4.5 are a special case of this construction. There, a deformation of a (2,2) model on a complete intersection was considered, and the corresponding Landau-Ginzburg model on the (2,2) locus was described by
with E a = 0, F a = ∂ a (pG), G a section of G, and gauge bundle E = T X. We recover this as a special case of the current construction by taking F 1 = 0, F 3 = G, and F 2 = T B, and utilizing the short exact sequence
The tangent bundle to the complete intersection Y = {G µ = 0} ⊂ B is the kernel of the map
and hence is the cohomology of the monad, that defines the gauge bundle over the NLSM. 5 In general, the extension will be nontrivial, as an example we will discuss momentarily will make clear. Aside from that, we have not found a way to uniquely determine the extension in terms of data of the IR NLSM. In fact, since renormalization group flow is a lossy process, it is not completely clear that the Landau-Ginzburg model should be uniquely determined by the NLSM -perhaps several different extensions defining different E's in the Landau-Ginzburg model all flow to the same NLSM. We have no such examples, but neither can we rule out the possibility.
Finally, the gauge bundle in the Landau-Ginzburg model is given by the extension
which also defines T X, hence, E = T X, exactly right to match the (2,2) theory discussed in section 4.5.
Let us now check how anomaly cancellation in the Landau-Ginzburg model compares to anomaly-cancellation in the corresponding NLSM. In the Landau-Ginzburg model, anomaly cancellation is the statement that
and similarly
So we see that ch 2 (E) = ch 2 (T X) implies that
but the right-hand side of the expression above is the second Chern character of the pullback of the gauge bundle in the NLSM, and the left-hand side is the second Chern character of the pullback of the tangent bundle to the complete intersection, so we see that anomaly cancellation in the Landau-Ginzburg model is the pullback of the anomaly cancellation condition in the NLSM to which it flows, as expected.
By twisting bosonic fields, we can perform the (0,2) A and B twists. Let us compare the consistency conditions for those twists in the Landau-Ginzburg model to the consistency conditions for the (0,2) A and B twists of the IR NLSM. Since they are related by renormalization group flow, the consistency conditions should match.
First, we shall consider the (0,2) A twist. Here we twist the p field, that gives local coordinates on the fibers of F ∨ 3 , as well as the fermionic fields in the G part of E. We define
Then, working on X 0 , which is a zero section of X, the consistency condition for the (0,2) A twist of the Landau-Ginzburg model is
Using the fact that
we see that the consistency condition for the (0,2) A twist of the Landau-Ginzburg model is
On the other hand, the consistency condition for the (0,2) A twist of the NLSM (which does not require twisting any bosonic fields) is given by
where i : Y ֒→ B is inclusion, we see that the consistency condition for the (0,2) A twist of the Landau-Ginzburg model is the pullback along i 0 : Y ֒→ X 0 (i = π 0 •i 0 ) of the consistency condition for the (0,2) A twist of the IR NLSM, exactly as required by the renormalization group.
The (0,2) B twist operates in a closely parallel fashion. Here, we twist the p ′ field (that gives local coordinates on the fibers of F 1 ), instead of p. Define
Working on X 1 , a zero section of X, the consistency condition for the (0,2) B twist of the Landau-Ginzburg model is
Using the fact that K X 1 ∼ = π * 1 K B ⊗ π * 1 F 3 we see that the consistency condition for the (0,2) B twist of the Landau-Ginzburg model is
On the other hand, the consistency condition for the (0,2) B twist of the NLSM (which does not require twisting any bosonic fields) is given by
we see that the consistency condition for the (0,2) B twist of the Landau-Ginzburg model is the pullback of the consistency condition for the (0,2) B twist of the IR NLSM, exactly as required by the renormalization group.
Conclusions
In this paper, we have discussed heterotic Landau-Ginzburg models and analogues of topological twists therein, as well as checked our results by comparing Landau-Ginzburg models and NLSMs in the same universality class.
A future direction that should be pursued involves the heterotic generalization of virtual fundamental class computations. We have seen in [11] how ordinary Landau-Ginzburg computations give a physical understanding of some simple special cases of virtual fundamental class constructions, and we outlined in this work how heterotic Landau-Ginzburg models compute correlation functions in a closely analogous fashion. Therefore, presumably encoded within those heterotic Landau-Ginzburg model computations are at least some simple cases of the heterotic generalization of virtual fundamental classes. In previous work [2] , it was outlined how one could in principle deal with the analogue of multicovers, and how Euler classes of induced bundles were realized in sheaf cohomology via Atiyah classes. Heterotic Landau-Ginzburg models seem to also be describing analogous effects via working on total spaces of normal bundles and intersecting with zero sections.
Another interesting heterotic generalization would be to couple heterotic Landau-Ginzburg models to the fibered WZW models of [6] .
A A hypercohomology computation
In this appendix, we consider an A-twisted heterotic Landau-Ginzburg model flowing to a NLSM on a manifold B, with a bundle E ′ defined as the cokernel of an injective map:
The Landau-Ginzburg model is defined over the space
with gauge bundle E ≡ π * F 2 , all F a ≡ 0, and E a = pẼ a for p fiber coordinates along F 1 . In particular, we outline here an argument [12] that the hypercohomology of the complex
(which defines the theory's chiral ring) is given by
whenever the E a are injective, precisely matching the corresponding part of the chiral ring of the (0,2) A-twisted heterotic NLSM.
